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Introduction
Solvent quality, an important quantity characterizing the behavior of a polymer in solution, is often defined with respect to theta conditions. A polymer dissolved in a "better than theta", i.e. a "good" solvent, is stable and will not phase separate at all concentrations and polymer molecular weights. On the other hand, a polymer dissolved in "worse than theta", i.e. a "poor" solvent, may phase separate at some concentration or polymer molecular weight 1 . In addition to miscibility, the conformational structure of a polymer molecule in dilute solution can also be related to theta conditions. In a good solvent, an isolated polymer coil is expanded, whereas in a poor solvent, the polymer collapses into a globular structure. At the theta condition, repulsive excluded-volume interactions exactly counter attractive dispersion forces between polymer segments and the polymer behaves as an ideal chain 2 • 3 . Also, the behavior of complex systems can sometimes be linked to theta conditions; for example, the flocculation conditions of sterically stabilized colloidal dispersions correlate strongly with the theta conditions of the stabilizing polymer moiety 4 .
Because theta conditions characterize both the phase behavior and conformational behavior of polymers in solution, an array of experimental techniques is available for their determination; a few techniques are summarized below.
For a binary mixture of a polymer in a single solvent, the "Shultz-Flory" method is based on a relation between the critical solution temperature and polymer molecular weight; this relation is derived from the Flory-Huggins incompressible-lattice model 1 • 5 : (1)
In Eq. (1), TesT is the critical solution temperature, 8 is the theta temperature, lf/ 1 is the Flory residual-entropy parameter, and r is the ratio of the molecular volume of the polymer to that of the solvent; r is proportional to the polymer molecular weight. For a reliable estimation of the theta temperature, the Shultz-Flory method requires three or more monodisperse polymer samples of (1) has also been used to correlate the molecular-weight dependence ofLCSTs. In the original form of Eq. (1), the exponent n is unity; however, Shultz-Flory plots for some systems can exhibit distinct curvatures. In that event, the ad hoc exponent n is adjusted empirically to linearize experimental data to perform a reliable extrapolation to infinite polymer molecular weight6-8 .
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The Flory-Huggins model also shows that the polymer segment fraction at the critical consolute point, lf>~~~r, asymptotically approaches zero in the limit of infinite polymer molecular weight:
;~,CST
This behavior is observed experimentally, even though the segment fraction at the critical consolute point is difficult to determine accurately from measured cloud-point curves. The behavior of l/>~~~er in the limit of infinite polymer molecular weight plays an important role in devising appropriate criteria which allow the calculation of theta conditions from an equation of state for chain-like fluid mixtures. A third difference between these two methods is that the cloud-point titration method can be extended to describe a polymer in a mixed solvent. In this case, a non-solvent (component 2) is added to a mixture of good-solvent (component 1) and polymer (component 3) at constant temperature until a cloud-point is observed. The mixed-solvent composition at the cloud-point ( 4>iP) is measured for several dilute-polymer concentrations, again in the range of w-s < 4>J < 10-2 .
The behavior is summarized in a manner similar to Eq. (3):
where B¢ is the slope of the cloud-point concentration curve when 4>iP is plotted against lnl/> 3 • Extrapolation of 4>~ to pure polymer (l/> 3 = 1) gives the "theta-composition" 4>~. Performing 4 titrations at different temperatures gives the dependence of(/)~ on temperature, or identically, the dependence of E> on solvent composition.
A third method probes the behavior of another thermodynamic property of dilute polymer solutions: the osmotic second virial coefficient, ~. Two common experimental techniques for measuring the second osmotic virial coefficient are osmometry 1 and low-angle laser-light scattering 16 . Like the cloud-point titration method, measurement of~ requires only a single polymer molecular weight. Theta conditions are determined by scanning temperatures or solvent compositions to fmd the conditions where the measured value of ~ is zero.
Additional methods for determining theta conditions examine the molecular-weight dependence of various hydrodynamic properties of polymer solutions. These methods can be generalized by 1 • 17 : (5)
where P is a measured property such as the intrinsic viscosity, sedimentation coefficient or diffusion coefficient, M is the polymer molecular weight and K is a proportionality constant. The temperature or solvent composition where the exponent a = 1/2 identifies a theta condition. Like the Shultz-Flory method, this method requires experimental measurements using several molecular weights of a given polymer.
The techniques discussed above probe distinctly different properties (thermodynamic or hydrodynamic) over a wide range of concentration (concentrated vs. dilute). Different experimental methods raises questions concerning consistency. Surveying a compiled list of measured theta conditions for a wide range of polymers, solvents and experimental techniques 17 is inconclusive. In many cases, consistent results are obtained across techniques but for some systems, results from different methods can differ significantly. 5 Theoretically, this concern is less ambiguous. Models that describe dilute polymer solutions are fundamentally different from those that describe concentrated polymer solutions (such as the Flory-Huggins model or hard-sphere-chain models). In dilute solutions, the non-uniform distribution of polymer segments is important; however, in concentrated solutions, the spatial distribution of segments is properly assumed to be uniform. As discussed by Flory (ref. 1, pg. 532), this distinction between models becomes unimportant at the theta condition. Recently, computer simulations have been performed that probed both phase equilibria and conformational properties of polymers whose segments interact through the Lennard-Jones potential 18 . Simulations which determined phase equilibria were used ~o construct a "Shultz-Flory" plot for Lennard-Jones chains. Additional simulations which sampled conformational properties were performed to calculate the second virial coefficient. Although simulated polymer chain-lengths were somewhat small, the theta temperature obtained from the Shultz-Flory plot was found to be near the "Boyle" temperature of large chain-length polymers. This paper has three objectives. First, we present a method for calculating theta conditions Finally, we attempt to represent quantitatively the theta temperature of polymers in a mixed solvent ' using parameters obtained from binary data.
Although the method presented here for the calculation of theta conditions can be used with any equation of state for chain-like fluids, we perform calculations using the perturbed hardsphere-chain (PHSC) equation of state 19 -21 . Other equations of state which could be used include those derived from lattice-fluid models 22 -25 and the statistical associated-fluid theory (SAFT) 26 • 27 . We begin by summarizing the pertinent thermodynamic functions associated with the PHSC equation of state. 6 2 .
Equation of State and Thermodynamic Functions
The perturbed hard-sphere-chain (PHSC) equation of state 21 for an m-component mixture is: 
where d;; is the effective hard-sphere diameter of a segment of component i at temperature T and constants E;; and G;; characterize the intermolecular potential between unbonded segments of component i; E;; is the depth of the minimum in the pair potential and G;; is the separation distance between segment ~enters at this minimum. For brevity, E;; is referred to as an effective "interaction energy" between non-bonded segments of component i and G;; is referred to as an 7 effective "hard-core" segment diameter of component i. Functions ~ and ~ in Eqs. (7) and (8) are determined from the thermodynamic properties of simple fluids (r = 1) and represented by (9) (10) Constants a; and /3; are listed in Table 1 
Finally, the PHSC EOS for mixtures uses for The Helmholtz energy of the mixture is (18) where ~o is the Helmholtz energy of pure component i as an ideal gas at temperature T. W;j and Q;; are given by:
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The chemical potential of component k is
where JlZ is the chemical potential of pure component i as an ideal gas at temperature T and
Critical Consolute Points
Critical consolute points in liquid mixtures satisfy the following equations which define a critical point for a m-component mixture 31 :
where the elements of determinants X and Yare defined as
The elements of detemrinants X and Yare expressed as dimensionless quantities. Therefore, calculation of the critical consolute point of a binary mixture involves four unknowns:
the critical consolute temperature TesT (upper or lower), the critical polymer segment fraction l/J 2 c, the segment density at the critical .consolute point, and the vapor pressure of the mixture psat.
These quantities are determined from four equations: the critical-point conditions Eqs. (27) and (28) Critical consolute points calculated assuming a fixed low pressure (zero or atmospheric) and those calculated as described above are necessarily different, but the difference is only significant for LCSTs. UCSTs in polymer solutions usually occur at temperatures near the triplepoint temperature of the solvent where its vapor pressure is almost always much less than atmospheric.
. Determination of Theta Conditions
To calculate theta conditions using an equation of state for chain-like fluids, we consider the stability criterion of a binary mixture.· Thermodynamic stability at some composition, temperature and pressure can be determined by the sign of the second derivative of the Gibbs energy, G, with respect to the segmen~ fraction of component 1, l/J 1 • If ( <fGI dl/1 1 2 )r,p > 0, the mixture is stable or metastable; otherwise, if (iJG!dl/J 1 2 )r,p < 0, the mixture is unstable. Therefore, the relation (<fGidl/J/)r.p = 0 provides a convenient criterion for defining the limit of mixture stability.
To apply this criterion to determine the theta temperature of a binary mixture, we make use of some important features of the theta condition that evolve from the Shultz-Flory relation, Eq.
(1). First, the theta temperature is identical to the critical consolute temperature of a solution containing a polymer of infinite molecular weight. Second, the critical polymer segment fraction vanishes in this limit. Hence, a theta temperature should correspond to a root of (iJG!dl/J 1 2 )r,p in 12 the limit of infinite polymer molecular weight (r 2 --7 oo) and zero polymer segment fraction (¢ 2 --7 0). If in contact with its vapor, the pressure of the system is the vapor pressure of the pure solvent.
For a polymer (component m) mixed with m -1 solvents, the appropriate criterion is:
where
The theta temperature of a polymer in a fixed composition of m-1 solvents is determined by the roots of Eq. (35) in the "theta limit" (i.e., rm --7 oo and lf>m --7 0).
However, evaluation of Eq. (35) is inconvenient because when thermodynamic properties of a mixture are derived from a pressure-explicit equation of state, the derivatives of the Gibbs .
energy with respect to composition cannot be computed analytically. This problem is circumvented by variable transformations 31 which replaces the determinant in Eq. (35) with determinant X given by Eq. (27) . Eq. (27) expresses the stability criterion as derivatives of the Helmholtz energy and pressure with respect to segment-density and composition that can be computed analytically. The two determinants are equivalent except for a difference in sign. In this work, theta conditions are determined by finding the roots of determinant X in the "theta limit," denoted by Xoo. When Xoo > 0, the mixture may phase separate at some concentration and polymer molecular weight. When
Xoo < 0, the polymer is miscible in all proportions with the solvent or solvent mixture, regardless of polymer molecular weight.
Determination of theta temperatures for a binary mixture is illustrated in Figure 1 for a hypothetical solvent/polymer mixture where the solvent is composed of four spherical segments.
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The ratio of pure-component interaction-energies and that for hard-core segment-diameters are set equal to unity. For three binary interaction parameters K' 12 , Figure 1 shows Xoo as a function of temperature scaled by the critical temperature. of the solvent. The pressure of the system is the vapor pressure of the pure solvent.
When K' 12 = 0, the solvent is essentially a low-molecular-weight analog of the polymer.
Because of compressibility differences which arise from size differences between solvent and polymer as temperature increases, a root of Xoo, corresponding to a "lower" theta temperature E>L, Shultz-Flory plots for estimating theta temperatures also provide a convenient means for "mapping" regions of miscibility as a function of temperature and polymer molecular weight.
Having established a method for the determination of theta temperatures in binary systems, the next section discusses how Shultz-Flory plots for several binary systems can be quantitatively correlated by using experimental theta temperatures to determine equation-of-state parameters.
Parameters determined in this manner are then used to predict critical solutions temperatures as a function of pressure, polymer molecular weight and solvent composition.
Determination of Equation-of-State Parameters
Three parameters characterize each pure component in the mixture: the number of effective For a binary solvent/polymer mixture in the theta limit, some thermodynamic properties of the mixture, for example, the vapor pressure and liquid density, reduce to the thermodynamic properties of the pure solvent, indicating the importance of characterizing the pure solvent.
Therefore, equation-of-state parameters r;, E;;, and CT;; for solvents are determined by regression of vapor-pressure and saturated liquid-density data at temperatures between 0.5 < TITc < 0.9, 15 where Tc is the gas-liquid critical temperature of the solvent. Thermodynamic properties for all solvents considered here are obtained from the DIPPR pure-chemical-data compilation 37 . Table 2 gives the PHSC Because polymer parameters obtained from PVT data cannot correlate LLE, we determine polymer parameters using judiciously chosen experimental data. First, the polymer segment diameter is set equal to that of the solvent, G 22 = G 11 • Second, for systems which only exhibit LCST behavior, the polymer-polymer segment interaction energy, e 22 , is adjusted to match the experimentally determined lower theta temperature, E>L, and the binary interaction parameter, K' 12 , is set to zero. For systems which exhibit both UCST and LCST behavior, both e 22 and K' 12 are adjusted to match E>u and E>L. Using the parameters determined from theta conditions, r 2 /M 2 is determined by matching the critical solution temperature for a specific polymer molecular weight.
If the critical solution temperature for more than one polymer molecular weight is available, the lowest molecular weight is used artd the critical solution temperatures at all other polymer 16 molecular weights are predicted. If a system exhibits both UCST and LCST behavior, the UCST is chosen to determine 72/M 2 , and the LCSTs for systems with finite polymer molecular weights are predicted.
. Results and Discussion
The binary systems considered first are those showing only LCST behavior. Figure 3 shows the Shultz-Flory plots for polyethylene in normal alkanes (pentane through octane) 40 • For each solvent, Table 3 gives the polyethylene interaction energy determined from the reported E>L.
Also listed in Table 3 is the value of 72 f M 2 determined from the LCST of the lowest polyethylene molecular weight. For mixtures with pentane, the polyethylene molecular weight range studied was Mw = 4.9 x 10 3 -14. °C. This discrepancy is due to uncertainty in the reported E>L since the polyethylene molecular weights used with pentane were much smaller than those used with the other solvents.
Similar results are shown in Figure 4 for polystyrene in benzene 7 which shows only LCST behavior. The equation-of-state parameters for polystyrene in benzene is listed in Table 4 .
Shultz-Flory plots for polystyrene in various solvents which exhibit upper and lower critical solution temperatures have been widely studied; Table 4 gives pertinent parameters. The Shultz-Flory plot for polystyrene (Mw = 43 x 10 3 -1.6 x 10 6 ) in cyclopentane~1 .4 2 is shown in respectively, for n-propyl acetate, iso-propyl acetate, ethyl acetate, methyl acetate and t-butyl acetate.
Fort-butyl acetate, data for the lowest polystyrene molecular weight from Saeki, et al. 35 were used to determine r 2 f M 2 , since there appears to be some inconsistency between th~ir results and the results of Bae, et al. 32 for the molecular-weight dependence of the UCST. The UCSTs from Bae, et al. 32 are under-predicted by 9-12 °C. The PHSC equation of state predicts non-linear curves for both the UCST and LCST in good agreement with experiment.
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'. Also shown is the curve for the value of 7C 12 which provides a quantitative correlation of the dependence of E>u on solvent composition. The curve for 7C 12 = 0.01 is included in Figure 14 to illustrate that the equation of state can predict a situation where E>u for the mixture is lower than that for either single-solvent system. In that event the polymer has an increased range of miscibility with the mixed solvent relative to that with either single solvent.
.
Conclusion
By considering the thermodynamic stability criterion of mixtures, a method has been proposed for calculating theta conditions using a perturbed hard-spher~-chain equation of state.
This method uses two important results concerning the theta condition which emerge from the Flory-Huggins model of incompressible mixture: 1) that the theta temperature is identical to the critical consolute temperature of a solution containing a polymer of infinite molecular weight and 2) the critical polymer segment fraction asymptotically approaches zero in the limit of infinite polymer molecular weight. .,.,.,..,.
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